Abstract. Over an algebraically closed field of characteristic zero simple Lie algebras admit outer automorphisms of order 3 if and only if they are of type D 4 . Moreover, there are two conjugacy classes of such automorphisms. Among orthogonal Lie algebras over arbitrary fields of characteristic zero, only orthogonal Lie algebras relative to quadratic norm forms of Cayley algebras admit outer automorphisms of order 3. We give a complete list of conjugacy classes of outer automorphisms of order 3 for orthogonal Lie algebras over arbitrary fields of characteristic zero. For the norm form of a given Cayley algebra, one class is associated with the Cayley algebra and the others with central simple algebras of degree 3 with involution of the second kind such that the cohomological invariant of the involution is the norm form.
Introduction
Simple Lie algebras over algebraically closed fields of characteristic zero are classified by their Dynkin diagrams, and the group of automorphisms of the Lie algebra modulo the subgroup of inner automorphisms is isomorphic to the group of symmetries of the corresponding Dynkin diagram. In most cases this group of symmetries has at most two elements. The case of the Lie algebra of skewsymmetric (8 × and has the permutation group S 3 as a group of automorphisms. The existence of peculiar automorphisms of order 3 for Lie algebras of type D 4 is one aspect of the phenomenon known as triality.
The automorphisms of the Dynkin diagram can easily be extended to automorphisms of the Lie algebra using the root system. Thus over an algebraically closed field, the classes of automorphisms modulo inner automorphisms are explicitly known.
A complete list of conjugacy classes of outer automorphisms of order 3 over an algebraically closed field of characteristic zero can be deduced from the classification of automorphisms of finite order of simple Lie algebras. Such a classification is given for example in [WG] [JZ] . Besides the conjugacy class of the automorphism constructed with the help of the root system, whose fixed point algebra is of type G 2 , there is one more conjugacy class in the full group of automorphisms, whose fixed point algebra is a simple Lie algebra of type A 2 .
In this work we consider outer automorphisms of order 3 of orthogonal Lie algebras over arbitrary fields of characteristic 0. The orthogonal Lie algebra relative to the quadratic norm form of a Cayley algebra always admits such automorphisms. This is known as the "local triality principle" (see, e.g., [VBS] , [J64], [SV] or Example 7). The following converse also holds: if an orthogonal Lie algebra of type D 4 admits an outer automorphism of order 3, then it is the orthogonal Lie algebra relative to the quadratic norm form of a Cayley algebra. Thus (local) triality and octonions are mutually "responsible" (Tits [T]) for existence. By descent, conjugacy classes of order 3 outer automorphisms must have as fixed point algebras Lie algebras of type G 2 or A 2 . We show that conjugacy classes of the orthogonal Lie algebra relative to a given norm form are classified by the set consisting of the isomorphism class of the corresponding Cayley algebra (type G 2 ) and the isomorphism classes of central simple algebras of degree 3 with specific involutions of the second kind over the quadratic extension generated by a cubic root of unity (type A 2 ). We describe an explicit rational construction of a set of representatives of conjugacy classes of outer automorphisms of order 3. For example, over R there are two conjugacy classes for both the identity norm form and the hyperbolic norm form.
In Section 2 we reproduce the construction of outer automorphisms based on a Cartan decomposition of the Lie algebra. Symmetric compositions and their Lie algebras of derivations are discussed in Sections 3 and 4. We then recall in Section 5 the construction of outer automorphisms via symmetric compositions given in [KMRT] . In the last section we give a proof that local triality for an orthogonal Lie algebra g implies that g is the orthogonal Lie algebra of a norm of a Cayley algebra and we show that the classification of symmetric compositions leads to a classification of conjugacy classes of outer automorphisms of order 3 of the Lie algebra. In the Appendix (in collaboration with Larissa Cadorin), we compare the definitions of triality given in Sections 2 and 5.
If not explicitly mentioned, we assume in the whole paper that fields have characteristic 0. However, it should be enough to assume characteristic different from 2 and 3.
